
SOLUTION SHEET 7 :

1. Observe that M is a root of X4-1 if and only if M is adth root of unity for
some d dividing n

. Therefore En(X) is given by En(X) = (xn-11/TIdinEd(X)
We reason by induction over n

. Crealy for n=1(X) = X-1-XIX]
and it is monic. Now suppose that Eman Em(x)&[x] and is monic

.

Then En(X)TaInEd(x) = xn - 1 in Q[X] andIdinEd(X) is monic

and it is in EIX)
.

Then by Gauss' Kemma (X) is in IX) monic
.

It remains to show that Ea(x) is irreducible in Q[X) .
It is enough to show this

in FIX] by Gauss' lemma . Suppose that In (x) = f .g with fig t&Ex] and
f irreducible .

Let w be a rout off then w is a primitive nth root of

unity. Let pan be a prime number not dividing n . Then wp is also a primitive
nth not of unity - either f(wp)=0 or glWPl = 0

· Suppose that glwpl = o

Then f(x) /g(XP) because w is a root of both f(x) and g(XP) moreover

fis irreducible.

Reduce the coefficients of E(X) , f(x) and g(x) modulo p and denote the new

Poloniseis
-

-> 52/F .5 = EnIX) .
However En (x) /xn-1 =

-2)x - 1
.

-
9

But X"-1 is separable in Fp[X] so we get a contradiction and f(xP=O.

Repeating this argument by using various prime numbers pl we obtain that f(xP) = 0

This way we obtain that for every primitive nth root of unity En · f(En) = 0

=> f = En(X) = En(x) is irreducible
·

2. (i) Notice that Qn = Qul where w is a primitive nth root of unity .

Indeed
, every nth root of unity is given by a power of W.

-

By the first exercise
, minwip = En(X) and deg (x) = 112/n* /*.

- [Q(u) :Q]= /(zin214
.

Finally , Gal(Qiw)/q) > (*/nz) * XIGalQWI/Qll = /(*/n* I*)
= Gal(Q(w)/Q) = 2/n2X

.

(ii) Clearly S
Q Qun

.

As n is old god (2,n) = 1 therefore $(2n) = $(2) :P(n)
= 1 . Kin7 where I is the Euler totient function .

-> $(n) = [Qm : An][Qn : Q] = [Qzn : Qn] · Pan) e [Qen : Qn] = 1
.

(iii) We claimthat Q8 is such a fiedd. By point (v) of this exercise
,

zk

Q (w+wt) Q8 where we t
. We show that wwt= E

.

This can be see for instance by considering w and not in the

complex plane : Crealy what EIR as w= W7
.

wa
Now O

,
w

, w+ 17 form a perpendicular triangle
and two sides of this triangle are 1wl= 1,

w
+w.

z
1w7 = 1

. By Pythagoras' there (w +wal = E.

% not Therefore Qu+wil = Q(z)
.

Now QUELE IR
but QEn)@1 where En is a primitive th

root of unity with 3 3 therefore Ql isnot

cyclotomic



(iv) We follow Exercise 3 .
2 of Milne's book

.

Let p be an odd prime. And let w he a

primitive pth root of unity and E = Q(u)
·

Let G = GallE/Q) = (4/pe) * recall that

G = /(p-1)* .

Let H & G be a subgroup of index 2
,

it exists as pis odd .

let = Zienwi
, B=Ziegwi

.
Let us show that I fixes a and B .

It is clear that H= X. To see that I also fixes B note that G = H WOH

for any JEGIH.

Therefore we may write B =2
4 H04(w) and for SEH , SIB)= S)EzenOH(wl)

= [4nS04(w24th0(84) (w) = B whee (*) holds as G is abdlion
.

Now let EGIH then old= Zen 04(w) = B. Note that as OGH , we also
T

have that 0 'EH therefore we can write B = 2 HEH0"4(w) this shows that

Clearly 0. B = 2.

Notice that [Q(ul" : Q] = 2 and define L := Qu)". Then Gall4Q) = Sid
,83

where oldl= B and olB1= < therefore <
,BELIQ ·

-L = Q(x) but by
a degree argument we see that L = Q()

.
Now as 4Q is Galois o permutes

the roots of Ma,a therefore Max= (X- x)(X-B) = x- (x+ B(x + &B.

By definition of <
, B we see that 2+B = -1

.

=> Ma ,Q= X+ X +&B.

Once the computation of LB is carried out
,
it can be observed thatthe

roots of X+x + Bare (-1VP/2 if p = 1 mod4
- 1 =Fp/2 if p = 3 mod4

This shows that the fixed field of His Q(5p) if p = 1 mod4 and it is

Qlip) if p = 3 mod 4. The computation of GB is somewhat complicated
we refer to the solution of exercise 3

.2 in Milne's notes for it.

We also know that QUIEQs moreover itQ4
. Using all this we obtain

the square root of every prime number in some cyclotomic extension.

Writing < = 1 for a,beX and using the prime decompositions of
a and b we ben find a cyclotomic extension such that Qai) -Q.
=>Q) An .

(v) Gal(Q(Q) = (4/8x) * = 2122X*/22
.

Let w be a primitive 8th root of unity..Then Q8= Qu).

The primitive 8th roots of unity are w ,
wa

,
ws,
not therefore the

automorphisms in Gall Q8/Q) are id
, o : wws

, Oz : WHWS
, 07:What

Notice that the nontrivial intermediate fields QELEQo are of the

form Q , Q85 , Q8. Notice that

W weQg and wwteQ7 morover wtws
,

w +wa Q

=> Q = Qu+w3) & Qt = Plutwit

For Q5 note that w +wS =0. Therefore we notice that w -WS EQg
As before w

.
WS =wo - Q = Qub) .



3. Recall that En :es + isin therefore

En + Em = En + En = 200s() therefore Q(Cos(1 fits
into the tower extensions :

QQ(s(lEQ(n)
and Gal(Q(En)/Q) > (*/n*) is abelian therefore Q(cos(Z11/Q is Galois

.

4 Define n := [L :Q] Note that the set
,

X = SmeIN/ $1m) _> n3 is finite
.↑

-

Indeed
, let pe - -pss be the prime decomposition of meIN.

Then

q (m) = pi" (pe- 1) . pr
- (p2-1) ._. ps-(Ps-1)

therefore for mEIN std(m)In there are finitely many possibilities
for primes and exponents showing up in the prime decomp ofm
= IXID .

Now note that any kth not of unity is an oth primitive root of unity-
Therefore it is sufficient to show thatL contains finitely many primitive roots

o unity .

Let weL be a primitive oth roofof unity. Then

[QIw) : Q] = P(m) and [L :Q] = m = $(M) <m
.

Therefore the number of roots of unity in L is smaller than 1x1 < &

5. Clearly LE as L is algebraic. Now letMet then

#p(m)= Foe for some e therefore M is a not of XPC-X = X is

a root of XPE-1-1. Notice that if Em . En are muth and nth root of

unity respectively with ged(minl = 1 then EmEn is an month root of unity
As pe-1 is coprine with p so is every prime q in the prime decomposition
o pe-1 . Therefore every pe-1 th root of unity is in Land L = #p -

6
.
Note that FKj = kj(mm) by definition . Therefore we may write

Fkj+ /FRj as Kite(mm)/ kj(mm) · Write Kj+=kj(mi) for some

aek; the

kj+ (mm) = Kj(mm)(i) .

Moreover REF is obtained

by adjoining an with root of unity therefore F/K is radical.

for all k

&
Note that Kitilmm) contains a primitiveauth outouyamaTherefore Kj + i (mm) = Kj(mm)(j , itJajt - +

splitting field of the polynomial

fiti = The mite-j+ R

and therefore Kj(mm)[Kj + i(mm) is normal. It is also separable as

(chark , degfml = 1 and Kilmm)* Ri+i (mm) is Galois.

The fact that Kilmm)-ki+ 1 (mm)= Kilmm) (Maj) is cyclic is adirect

consequence of a theorem in the course.



7. Let FEREE be a chain of field extensions .
We show that

FCK and KEE is solvable FEE is solable
.

=>: Let My be a radical extension of F containing K and M2 be a radical

extension of K containing E .

We claim that FEM2Me is radical. Note that M ,
E M2M , is medical

Therefore F & M , [MiM2 is radical . and E[M, M2 e FCE is solable
.

=> Now suppose that FEE is solable and let F&M be a radical

extension containing E &
The clearly FCKEM and FER is

solvable .

Moreover KIKM is radical and clearly EIKM therefore
KEE is solvable.

Applying this Lemma to KIM and MELM we obtain that K&LM is solable

and thus KIL
,
LELM are both solable.



8. Let us start by showing that LM/M & YLMM are Galois.

As LIK is normal Lis the splitting field of some setof polynomials
S[K[X]

.

Write L = KII , - , <n) where di are the roots of the

polynomials in S
.
Then LM = M(d2 , -<n = SFp(S) - LM/M is normal.

For separability it suffices to show that Mxi , M is separable Vi.

As Mai ,M/Mxi , K and L/K is separable we are done.

The same argument shows that L/LM is normal and separable.

Now define # : Gal(LM/M)- Gal(L/k) as (0) = 01L.
First note that #10) is an automorphism of Las LK is normal.

Moreover OIL fixes K as O fixes L
.

Observe that if OKL= id
then o = id LM .

Indeed O , m = idm as O Gal( (M/M) therefore
&L = idL

,
Jim = idm and LMO2L , M = LMF= LM and O-idLm

.

This shows

that I is injective .

imp

Finally , we show that L
=

LMM . Let OtGal((M/M) as o fixes M
Oil fixes LMM and it is clear that LMMELim

&

Let at Lim
then Oi(a) = + O(al= a VoeGal((M/M) = GEM and att - at LIM.

=> Lime = LRM
. By the Galois correspondence this shows that

intGalLL/LIM) = E : Gal(IM/M)= GallL/MMM)
.

9. (i)Firstly ,
it is clear that <nELH therefore KICH * Lt

,
to finish the proof ,

it suffices to prove that Gall/Kidni) =Gal(4(H)
= H

Let us start show that O(CH) = <HEOEH. Suppose that Of H
then (x1- H .1 but

oldn) - 2n = 0(d) + (2 oth(dil)-Ix =O is a line relation
neHlSid?

Where the cefficient of Old is 1. .
This is a contradiction as 30(d)/5tG]

is a basis.

(ii) Recall that in this case KISH)/K is Galois with the Galois group
G/H

.

Clearly FEG/H , EKH)EKICH) ,
moreover [K(Cn) :K] = IG1/IHl = 1G/H)

therefore it is sufficient to show that the set [ln) : EG/H) is

linearly independent. This follows directly from the following computation :

2Clh= & c.h(a)= glEG/H EG/HhEH

With CEEK and Cg = Co where g = E
.
h for some heH

.
We can conclude

as 39(4) : gEGT is linearly independent.



10 .
Let K=

pe and KEL := Ape be an extension of K. Note that

L= SF(xPP-2_ 1) moreover gcd (p, p"-1) = 1 thereforeK

by the course we know that L = k(p) where pe is any primitive
(p?-11th of unity. Therefore it is solvable·

11. Let us show that if G2EL then 4k is normal
-

Let N = KIX1
, de , - , Xp) note that N/K is Galois as 911 - <p are the

pots of mak and maik is separable. Moreover as N/K is normal the

↓i are K-conjugate in N . Now GalLNIkI acts transitively on dis-, Xp
therefore Gal(N/k) <Sp the symmetric group a p elements

.

Moreover

pIGaI(N/k) as [L :K] / [NiK] = IGal(N/kIl therefore there exists an

element o of order p in Gal(N/RI by Cauchy's theorem. Note that this o

is a p-cycle in Sp and after replacing o by a suitable power of o we may
assume that O(xi) = 22 . Therefore o restricts to an element in Gallt/K) and

So does all the powers of 5
. And we know that for all : there exists some j

such that 85 (41) = Xi therefore Lith Fi and 4K is Galois .

The fact that Gal(4/k) is cyclic is a consequence of I Gal(4kIl =P for some

prime p.

12.SupposethAtkisnotSquarebothand a
4 distinct elements we can construct the polynomial

f(x) = X" - 26x2+ 62 = (x2- x)2 - 924
. whose roots are

-

= x +a ·
Note that if f(x1 is reducible it is given by a product of

two degree two polynomials as none of the roots are in Q. . A direct

computation shows that writingf as a product of two degree two

polynomials in K[X] centradicts that D is not a square therefore f is

irreducible
.

Now let J : tar
.

Then one can see that K(8) contains all the

Nots of f(x) and therefore KIUl = SFr(f(x)) . Therefore K48)/K is Galois

of degree 4. Let of Gal(KL21/K) such that olturalNat
then it can be seem that OITI) = -EC and o id therefore
GalIkIX)/kIEX/42 and KI8) contains L

.

Conversely suppose that there exista cyclic extension KIN of order 4 containing
L. As [N :L] = 2 we can write N=L(5) for some BEL .

Write B = a + b.. As L/K is Galois
,
Gal(4/k) is a quotient of GalINK) .

Let of GallN/k) be such that its image in Gal(L/k) is non trivial.

Ther

10(1) = o(Bl = pla+bixl= a-65
.

Let v= .(5) then
# v= la+ 65)(a-65x) = a2-bak

. Therefore KEKIVIEN . Now as

GalIN/k) has a unique subgroup of order 2 then K(v) = 1
.

Wite v= E +5
Gal(k(v)/k) =2/22 and let it be the element of order 2 then 4(v) = -v

as KEK(V) is Galois and the minimal polynomial of v over K is X2-v'with

roots v . Therefore H(vl= +(t + Stal = u(t) + S .4((x) = + +S4(t)



= - V = -t -S4()
.
This shows that t= 0 and v= SFX

.

By (#): v= = 52.a = a2 - 62x = x(52+3) =a = d = (5)+ (t and we

are done .


